Origami describes rules for creating folded structures from patterns on a flat sheet, but does not prescribe how patterns can be designed to fit target shapes.
negative Poisson's ratio: folding the Miura-ori decreases its projected extent in both planar directions; and (d) it is flat-foldable: when the Miura-ori has been maximally folded along its one degree of freedom, all faces of the pattern are coplanar.
Given the simplicity of the Miura-ori pattern, a natural question is to ask if there are generalizations of it. In particular, for an arbitrary surface with intrinsic curvature, does there exist a Miura-ori-like tessellation of the plane that, when folded, approximates that surface? If so, can this pattern be made rigidly foldable with one degree of freedom? The ability to even partially solve this inverse problem would open the door to engineering compact, deployable structures of arbitrary complex geometry, while highlighting the importance of obstructions and constraints that arise when working with materials that transform by virtue of their geometric scale separation. We build on our collective understanding of the geometry of Miuraori (15) , mechanics of origami (10) (11) (12) (13) (14) , existing explorations of the link between fold pattern and geometry (16) (Fig. 1b) , and previous origami (17) (18) (19) and kirigami (20) (21) (22) surface approximations, to pose the inverse problem of fitting Miura-like origami tessellations to surfaces with intrinsic curvature. We then show that the problem can be solved for generalized cylinders using a direct geometric construction and for arbitrarily curved surfaces using a simple numerical algorithm. Additionally, we characterize the deployability of generic structures, showing how modifications to the geometry of patterns fitting the same target surface effectively tunes their mechanical bistability. Finally, we demonstrate self-similarity of patterns across resolution scales and quantify a trade-off between accuracy and effort involved in surface approximation with origami tessellations.
Since the periodic Miura-ori pattern tiles the entire plane, we look for generalized origami tessellations, using quadrilateral unit cells that are not necessarily congruent but vary slowly in shape across the tessellation. An embedding of such a pattern in space can be represented as a quadrilateral mesh given by a set of vertices, with edges connecting the vertices and representing 3 the pattern creases, and exactly four faces meeting at each interior vertex. A quadrilateral mesh of regular valence four must satisfy two additional constraints to be an embedding of a generalized Miura-ori tessellation: each face must be planar, and the neighborhood of each vertex must be developable, i.e. the interior angles around that vertex must sum to 2π (Fig. 1d) .
Inverse Origami Design
A generalized Miura-ori tessellation is guaranteed to possess some, but not all, of the four geometric properties of the regular Miura-ori pattern. An arbitrary unit cell has only one degree of freedom, and this local property guarantees that the global Miura-ori pattern, if it is rigidfoldable at all, must have only one degree of freedom. Moreover, since each unit cell must consist of three valley and one mountain crease, or vice-verse, it must fold with negative Poisson's ratio. Unfortunately, no local condition is known for whether an origami pattern is flatfoldable; indeed it has been shown (23) that the problem of determining global flat-foldability is NP-complete. However, several necessary flat-foldability conditions do exist, of which the two most pertinent are (i) if a generalized Miura-ori tessellation is flat-foldable, each pair of opposite interior angles around each vertex must sum to π (24) (Fig. 1d) , and (ii) if there is a non-trivial generalized Miura-ori embedding (not flat or flat-folded) which satisfies Kawasaki's theorem, it is globally flat-foldable and rigid-foldable (15) . In practice, enforcing a weaker version of Kawasaki's theorem does improve the degree to which a generalized Miura-ori tessellation is deployable, and in the case where a flat-foldable configuration cannot be found, one can characterize the departure from rigid-foldability by measuring the maximum strain required to deform or snap the bistable tessellation between flat and curved states, a desirable property for stable deployable structures.
These considerations now allow us to formulate the inverse Miura-ori problem: given a smooth surface M in R 3 of bounded normal curvature, an approximation error , and a length 4 scale s, does there exist a generalized Miura-ori tessellation that (a) can be isometrically embedded such that the embedding has Hausdorff distance at most to M ; (b) has all edge lengths at least s? In particular, do there exist such tessellations that satisfy the additional requirement of being flat-foldable? Less formally, we ask here if it is possible to find optimal Miura-ori tessellations that can be used to conform to surfaces with single or double curvature, i.e. generalized developables, ellipsoids and saddles, and simple pair-wise combinations of these, that might serve as building blocks for more complex sculptures.
We illustrate the richness of the solution space by starting with a simple analytic construction for generalized cylinders and a numerical algorithm for generic, intrinsically curved surfaces. The generalized cylinder constructions -developable surfaces formed by extruding a planar curve along the perpendicular axis -are guaranteed to be rigid-foldable with 1 DOF and flat-foldable (see SI for details), making them well-suited to applications involving freeform deployable and flat-packed structures (Fig.2a, 3a and SI-Movie1). This is similar to a study published while this work was under review (19) , although the numerical approach therein did not recognize the underlying geometric construction and the ensuing rigid-foldability and flat-foldability of this class of surfaces (see SI). For more general surfaces M with intrinsic curvature, we use a numerical optimization algorithm to solve the inverse problem, using the constraints that a quadrilateral mesh approximating M is a generalized Miura-ori if it satisfies a planarity constraint for each face, and a developability constraint at each interior vertex (see Fig. 1d ). For a mesh with V vertices and F ≈ V faces, there are therefore 3V degrees of freedom and only V + F ≈ 2V constraints, suggesting that the space of embedded Miura-ori tessellations is very rich; it is therefore plausible that one or more such tessellations that can approximate a given M can be found. Our algorithm allows us to explore this space, constructing tessellations for surfaces of negative, positive, and mixed Gauss curvature. We observe empirically that while surfaces of negative Gauss curvature, such as the helicoid and the hyperbolic 5 paraboloid, readily admit generalized Miura-ori tessellations for a variety of initial guesses for pattern layout, the space of Miura-ori patterns approximating positively-curved surfaces such as the sphere is less rich. Indeed, choosing initial layouts that respect the rotational symmetry of the surface is particularly important for rapid convergence in the latter situation, and also yields surfaces of mixed curvature, such as formed by gluing all pairwise combinations of patches,
i.e. 0/+, 0/−, +/− curvature, as shown in Fig. 2a-f . To realize our results physically, we laserperforated the patterns on sheets of paper and folded them manually, a process that is currently the rate-limiting step in large scale manufacturability. The results shown in Fig. 2g -l, agree well with our calculated shapes.
Energetic and Material Costs
In contrast with generalized cylinders, solutions to the numerical optimization problem are only guaranteed to be discrete developable, and are not necessarily flat-or rigid-foldable: the tessellation can be embedded without strain so that it approximates M , or so that it is planar, but generally these are isolated states and folding/unfolding the pattern requires snapping through strained configurations (Fig. 3b,c) . To characterize the failure of a generalized Miura-ori tessellation to be rigid-foldable, we use a simple physically based numerical simulation: instead of modeling each quadrilateral face of the pattern as rigid and planar, we divide it into a pair of triangles and modeled as a thin plate with an elastic hinge (see SI for details). Beginning with the folded configuration, we choose one crease in the pattern and incrementally decrease its bending angle from its folded value θ = θ max to its flat value θ = 0. For each intermediate value of the angle, we allow the pattern to relax to static equilibrium; the strain energy of the equilibrium configuration measures the geometric frustration of that intermediate state (Fig. 3c) .
To tune this bistability we introduce an inequality constraint in our numerical optimization approach, by replacing Kawasaki's theorem with a tolerance on the residual associated with deviations from flat-foldability given by |π − α 1 − α 3 | ≤ f f 1, as shown in Fig. 1 . Since flat-foldability implies rigid-foldability for non-trivial configurations (15) , decreasing f f is expected to yield Miura-ori patterns that are closer to rigid-foldable. We test this by considering a Miura-ori tessellation approximating a hyperbolic paraboloid. In Fig. 3c,d , we show that this is indeed the case; reducing the flat-foldability residual by an order of magnitude yields a pattern that approximates the same target surface, but whose energy barrier to folding is half that of the pattern found without the flat-foldability restriction (see SI-Movie2 for a visualization of the energy barriers as a function of the geometry of folding). To confirm this experimentally, we subjected folded paper hypars with two extreme values of the flat-foldable residuals to a simple tensile test. In Fig. 3e , we see that the hypar with the larger residual is stiffer, confirming our theoretical predictions (see SI for experimental details).
Finally, we turn to the accuracy of using folded structures to approximate smooth surfaces.
Clearly, as the individual folds become finer the resulting structure will conform more closely to the desired target and will require more effort to fabricate. To quantify the tradeoff between accuracy and effort, we consider an origami representation of the hyperboloid, shown in Fig. 4a , using three different face sizes, each separated by an order of magnitude. A simple cost function associated with the weighted sum of the number of faces and the Hausdorff distance to the smooth surface allows us to follow the minimum cost as a function of the relative weight penalizing effort and accuracy; as expected, when facets are cheap, one can get high accuracy at low cost, but as they become more expensive, for the same cost, accuracy plummets, shown in Fig. 4b . Additionally, as the number of facets increases, the area of the folded origami tesselation scaled by the true area of the smooth surface it approximates asymptotically approaches a constant that is larger than that of the actual hyperboloid, as shown in Fig. 4c .
Outlook
Our study provides an optimal approximation procedure to solve the inverse problem of determining generalized Miura-ori tessellations that conform to prescribed surfaces. For generalized cylinders, we have shown that the constructed pattern is rigid-foldable and flat-foldable, and thus can be easily adapted to thick origami (25). For doubly-curved surfaces, our computational tool allows us to calculate physically realizable tessellations which we confirm by building paper models. When the Miura-ori tessellations found using our tool are not flat-foldable, a mechanical model of these surfaces allows us to quantify the strains and energetics associated with snap-through as the pattern moves from the flat to folded configuration. Refining the process allows the folded approximant to approach the smooth target surface which we quantify via a trade-off between accuracy and effort. All together our study opens the way to origamize aribtrary smooth heterogeneously curved surfaces by starting with the simplest origami fold and stitching together an alphabet of generalized Miura-ori tessellations into a flexible design language for engineering shape at any scale.
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Methods
Experiment. We fabricated paper models by perforating patterns with a laser-cutter and folding by hand. Despite originating from a single contiguous pattern, larger models (Fig. 2k,l) had to be divided into patches before begin perforated, folded and glued together to form the final surface. The stiffness of the hypar was determined by subjecting the model to a simple force extension test, cycling through increasing the strain of connection points sepa- Force extension experiments on folded paper hypars corresponding to the patterns in (d) confirm that the larger the residual, the higher the stiffness of the resulting structure (red), and thus the higher the barrier separating these bistable structures (x 0 = 90mm and F max = 0.431N). The first experiment with each structure is different owing to the role of some irreversible deformations, but after a couple of cycles, the force-extension characteristic settles onto a reproducible curve. A simple cost function that is the sum of the number of faces and the Hausdorff distance to the smooth hyperboloid shows a clear minimum: as the cost of facets (independent of their area) increases, the optimum shifts towards the coarse approximation and as the facets become cheaper, the optimum shifts towards the finer approximation. (c) The non-dimensional area of the curved Miura-ori approximation to the hyperboloid (normalized by the area of the smooth hyperboloid) A/A 0 as the number of facets increases approaches a constant greater than unity. In the inset, we see that (A 0 − A) ∼ n −1 consistent with the fact that the facets are self-similar.
